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Probability distributions associated with the third and fourth neighborhoods of the structure invariant 
q~,,=q~h+q3k+qh+q~m are described. These distributions yield estimates for the invariants q~z,, (not 
merely the cosine invariants cos qhm) which are consistent with a specified enantiomorph. The estimates 
are particularly good in the favorable case that the standard deviations of the distributions are small. 

1. Background 

The probabilistic theory of the structure invariant 

(~Im ----- (/Oh -~- (~k ~- (~| Jr" (~m (1.1) 

was initiated two years ago (Hauptman, 1974a, b), and 
a year later (Hauptman, 1975a, b) a new method was 
introduced which marked a departure from earlier 
approaches not only for the theory of the quartet in- 
variants (1.1) but for that of the structure invariants 
and seminvariants in general. The initial results 
strongly suggested that the value of q0zm was mostly 
determined by one or several appropriately chosen 
small sets of structure factor magnitudes Igl, the 
neighborhoods of ~0Zm. Two estimates for ~oz,,, were 
derived, the first dependent on the four magnitudes 1El 
constituting the first neighborhood of q~zm and the se- 
cond dependent on the seven magnitudes in the se- 
cond neighborhood. Finally a 'principle of nested 
neighborhoods' was formulated which asserted the 
existence of a sequence of nested neighborhoods, 
having increasing numbers of magnitudes, in terms of 
which more and more reliable estimates for q)~m could 
be expressed. 

More recently, Giacovazzo (1976) using a different 
mathematical formalism, obtained distributions in P1 
associated with the seven-magnitude second neigh- 
borhood. Although superficial comparison shows 
qualitative agreement with the earlier results of 
Hauptman (1975b), a closer study may well reveal 
significant discrepancies [compare Hauptman & 
Green (1976) with Giacovazzo (1975) in P1]. 

In the preceding paper (Hauptman, I977) a se- 
quence of nested neighborhoods was derived. In the 
present paper probability distributions appropriate to 
these higher-order neighborhoods are given, and these 
lead in the obvious way to estimates for q% in terms 
of known magnitudes [El. 

Of major importance is the existence of joint con- 
ditional distributions of two or more structure in- 
variants given magnitudes [El alone, as well as of con- 
ditional distributions of a single structure invariant, 
given not only magnitudes IEI but also the values of 
one or more structure invariants. These distributions 

permit the estimation of the values, i.e. both magni- 
tudes and signs, of a large number of structure in- 
variants q~,,, consistent with a specified enantiomorph, 
and not merely the estimation of the magnitudes of 
qh,,. In this way, enantiomorph specification is made 
prior to the process leading from the values of the struc- 
ture invariants to the values of individual phases 
rather than being made part of this process. In effect 
then, the values of both cos q0zm and sin qoz,, are available 
for phase determination rather than only the values of 
cos q~,,, thus making the process of phase determina- 
tion a better-conditioned one. 

In recent work the theory was extended to cover 
the case of unequal atoms, in particular neutron dif- 
fraction also, since negative atomic scattering factors 
are permitted (Hauptman, 1976). The present paper 
is written from this more general point of view. 

Because of their extreme length, no mathematical 
derivations are given here. Instead, the patterns of the 
earlier results are extrapolated in the obvious way and 
lead to estimates of the q~z,, which are confirmed by 
making application to known and unknown struc- 
tures. 

Next, the formulas obtained are correct to terms of 
order 1IN only, where N is the number of atoms in 
the unit cell. It is not yet known whether the im- 
provement which would result if terms of order 1IN 2 
were retained justifies the enormous amount of work 
required to derive these more accurate distributions. 

It is assumed throughout that a structure consisting 
of N atoms per unit cell in the space group P1 is 
fixed. The normalized structure factor Eh is defined by 

1 N 
~ J )  exp (2nih. rj) (1.2) Eh = [Ehl exp (ir#h) = ~ J= 

where J) is the zero-angle atomic scattering factor of 
the atom labeled j, rj is its position vector and 

N 
a , =  ~ f"-j. (1.3) 

j = l  

For the case of X-ray diffraction, the J) are the atomic 
numbers Zj and are therefore all positive. In the neu- 
tron diffraction case some of the fj may be negative. 

Finally, the sixfold Cartesian product W x W x W 
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× W × W × W of reciprocal space W is defined to be 
the collection of all ordered sextuples (h, k, 1, m, p, q) 
of reciprocal vectors h, k, !, m, p, q; the eightfold 
Cartesian product W × W × W x W x W × W x W × W 
to be the collection of all ordered octuples (h, k,l, m, 
p, q, r, s) of reciprocal vectors h, k, 1, m, p, q, r, s, etc. 

The third (13-magnitude) neighborhood yields three 
major results. (1) The joint conditional probability 
distribution of two quartets, given 13 magnitudes, 
P2113, equation (2.13). (2) The conditional probability 
distribution of a quartet, given the value of another 
quartet and 11 magnitudes, Pl11,11, equation (2.33). 
(3) The conditional probability distribution of a 
quartet, given 13 magnitudes, Pl113, equation (2.42). 

The fourth (21-magnitude) neighborhood yields five 
major results. (1) The joint conditional probability dis- 
tribution of three quartets, given 21 magnitudes, P3121, 
equation (3.22). (2) The joint conditional probability 
distribution of two quartets, given the value of another 
quartet and 19 magnitudes, P211.19, equation (3.48). (3) 
The conditional probability distribution of a quartet, 
given the values of two other quartets and 15 magni- 
tudes, P112,15, equation (3.61). (4) The joint conditional 
probability distribution of two quartets, given 21 
magnitudes, Pzl21, equation (3.72). (5) The conditional 
probability distribution of a quartet given 21 magni- 
tudes, P1121, equation (3.73). 

2. Probability distributions derived from the third 
(13-magnitude) neighborhoods 

2.1. Joint probability distribution of the 13 structure 
factors Eh, Ek, El, Em, Ep, Eq; E h + k, Ek + 1, El + h ; Eh + p, 
Ek+p, E l -p ,  Em-p  

Refer to the preceding paper (Hauptman, 1977) for 
the definition of the third (13-magnitude) neighbor- 
hoods of the structure invariant 

(p/m = (ph "[- (]gk -JV (/91 "q- q)m . (2.1) 

Suppose that the ordered sextuple (h, k, 1, m, p, q) 
of reciprocal vectors is a random variable (vector) 
which is uniformly distributed over the subset of the 
sixfold Cartesian product W x W x W x W x W x W 
defined by 

h + k + l + m = 0  (2.2) 
and 

h + k + p + q = 0 .  (2.3) 

Then the thirteen normalized structure factors Eh, Eu, 
Eb Em, Ep, Eq; Eh+k, Ek+l, El+h;  Eh+p, Ek+p, El_p,  
Era-p, as functions of the primitive random variables 
h, k, 1, m, p, q, are themselves random variables. 
Denote by 

P13 = P(R1,R2,R3,R4,Rs,R6; 

R12,R23, R31; R15,R25,R35,R4~; 

4)1,4)2,4)3,4)4,4)5,4)6; 4)12,4)23,4)31; 

4) 15, 4)25, 4)35, 4)45) (2.4) 

the joint probability distribution of the magnitudes 
IEhl, [Ekl, lEd, [Em[, IEpl, Igql; [Eh+kl, IEg+,l, IEl+hl; 
[Eh+p], lEg+p], IE~-p], [Em-pl and the phases q0h, q~u, 
(-Pl, (Pro, q)p, (Pq; (#h+k, (-Pk+l, q)l+h; (Ph+p, (Pk+p, (#l-p, 
~0m-p of these 13 structure factors. Then, following the 
pattern of results recently established (Hauptman, 
1975a, 1976), it seems clear that 

1 
P13=-~RIR2R3R4RsR6RIeR23R31R15R25R3~R4~ 

× e x p { - R ~ - R 2 - R 2 - R ] - R ~ - R 2 - R 2  2 

R23 R231 R25_R2 5 2 2 . . . .  R 3~- R4-5 

20-3 [RIR2R1 cos (4)1+ 4)2 - 4)12) + a2---F/2 2 

+ R3R4R 12 COS (4)3 Av (/)4 "J- 4)12) 

+RsR6R12 COS (4)5 -[- ~6-[- 4)12) 

+RzR3R23 cos (~2 +4)3 -~23)  

+R1R4Rz3 cos (4)1 + ~ 4 + ~ 2 3 )  

+R1R3R31 cos (4)1 +4)3-~31)  

+R2R4R31 cos (~z + 4)4+ 4)31) 

+R1RsR15 cos (4)a + ~ 5 - ~ 1 5 )  

+R2R6R15 cos (4)2+4)6+4)15) 

+ R2RsR25 cos (4)2 + 4)5 - 4)25) 

+RxR6R25 cos (4)1 +4)6+4)25) 

+ R3RsR3~ COS (4)3 -- 4)/)5 -- 4)35) 

+ R4R6R35 cos (4)4 -- 4)6 -It- 4)35) 

+ R4RsR43 cos (4)4 - 4)5 -- 4)45) 

+ R3R6R4-~ cos (4)3 - 4)6 + 4)4~)] 

- 2(3a2~a2a4) [R1R2R3R4 c0s(4)1 + 4)2 + 4)3 + 4)4) 

+RIR2RsR 6 cos (4)1 +4)2+4)5+4)6) 

+ R3R4RsR6 cos (4)3 + 4)4- 4)5 - 4)6)] (1)}{ 
+ O  ~ 7 ~  1 + O  (2.5) 

where O(1/N 1/2) consists of all terms of order 1/N 1/2 
or higher in which each term of order 1/N 1/2 contains 
three R's and three 4)'s having double index and each 
term of order 1IN contains two R's and two 4)'s having 
double index; but O(1/N) consists of all terms of order 
1/N or higher in which the terms of order 1/N are 
independent of the 4)'s. It follows [refer to Hauptman 
(1975b, 1976) for details for the second neighborhood] 
that O(1/N 1/2) and O(1/N) will make no contribution 
of order 1/N or lower to the conditional distributions 
derived in the sequel. 

2.2. The joint conditional probability distribution of the 
pair of structure invariants ~Olm = ~Oh + q)U + ~P~ + q~m, 
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q)pq:q)h-'i-(t0k'-i-q)p-Jl-(t0q, given the 13 magnitudes IEhl, 
IEkl, lEd, IE.,I, IEpl, IEql; IEh+kl, IEk+d, IE~+hl; IE.+pl, 
IEk+pl, IEl-pl, IEm-pl 

Suppose that the 13 non-negative numbers R1, R2, 
R3, R4, Rs ,  R6;  R12, R23, R31;  R t5 ,  R25, R3~, R43 are 
specified. Assume that the ordered sextuple (h, k, l, 
m, p, q) of reciprocal vectors is a random variable 
(vector) which is uniformly distributed over the subset 
of the sixfold Cartesian product W x W x W x W 
x W x W defined by 

Ighl = g 1, [Ekl = RE, lEd = g 3, [Em] = R4, 

Igpl=gs, IEql=g6; (2.6) 
IEi,+kl=Rlz, IEk+li=R23, Igl+l,l=R31; Igh+pl=R15, 

IEk+pl----R25, IEI-pI--R3~, IEm-pl--R4~; (2.7) 

h + k + l + m = 0 ,  (2.8) 

and 

h + k + p + q = 0 .  (2.9) 

In order that the domain of the primitive random 
variable (h, k, l, m, p, q) be non-vacuous, it is necessary 
to interpret the equation IEh[ = R 1 of (2.6), for example, 
as the inequalities R1 _< IEhl < R1 +dR1 etc. In view of 
(2.8) and (2.9), 

q)Ira = (t0h -~- (t0k -Jl- q91-1- q)m (2.10) 

and 

~0vq = q)h "~- (~0k -~- (pp -~- q) q (2.11) 

are structure invariants which, as functions of the 
primitive random variables h, k, |, m, p, q, are them- 
selves random variables. Denote by 

P2113 = P( 4"34, 4" 561R1,R 2, R 3,R4, R s,R6 ; 
R12, REa,Ral ; RI5,RE5,Ra~,R4~ ) (2.12) 

the joint conditional probability distribution of the 
pair of structure invariants qhm, q~pq, given the 13 
magnitudes (2.6) and (2.7). Then P2113 is obtained 
from P13 [equation (2.5)] by fixing the 13 R's, inte- 
grating P13 with respect to the seven phase variables 
4"12, 4"23, 4"31; 4"15, 4"25, 4"35, 4"47 from 0 to 2re, and 
multiplying the result by a suitable normalizing par- 
ameter. [Refer to Hauptman (1975b, 1976), in particular 
Appendix III. (D.5) and III. (D.6) of the latter, for 
complete details for the second neighborhood.] One 
finally obtains, correct up to and including terms of 
order 1/N, 

1 
P2113 '~ ~-exp {- -2B1234  cos 4"34 

- 2 B 1 2 5 6  cos  4 " 5 6 - 2 B 3 4 5 6  cos (4"34-4"56)} 

f20"3RlzX'12"~ (20-3R23X23'~ x °t, )s°t, ) 

where 

×Io( lot 
f 20-aREsX25"~ f 20-aRa-~X3~'~ 

x l o \  ~ , ] I o \  0-312 } 

{'20-3R4~X4~'] ×Io\ ), (2.13) 

B1234= 3a2-o2o4 0---32 R1R2R3R4 , (2.14) 

3o .2 - 0"20-4 
B12s6 = 0-3 R1R2RaR6 , (2.15) 

30"2--0"20"4 
B3456- 0"3 R3R4RsR6, (2.16) 

0",, is defined by (1.3), 
2 2 X ' 1 2 = [ R I R 2  2 2 2 2 + R3R4 + RsR6 

+2R1R2R3R4 cos 4"34+2R1RERsR6 cos 4)56 

+ 2R3R4RsR6 cos (4"34- 4"56)] 1/2, (2.17) 

X23 = [R2R32 2 +R1R4+2RIRER3R42 2 COS 4"34] 1/2, (2.18) 

= [RaR1 +RER4+2RIRER3R4 cos ",a'34 j , X31 2 2 2 2 d~ 11/2 (2.19) 
2 2 2 2 X15 =[RxR5 +RzR6+2R1R2RsR6 COS t~56] 1/2, (2.20) 

X25 = [R2R 5 2  2 .~_ R1R62 2 -Jr- 2R 1RERsR6 cos 4"56] 1/2, (2.21) 

= [R3R5 + R4R6 X3 ~ 2 2 2 2 

+ 2R3R4RsR6 cos (4"34 - 4"56)] 1/2, (2.22) 

[R4R5 + RaR6 X 4 ~ =  = 2 2 2 2 

+ 2R3R4RsR6 cos (4"34 - 4"56)] 1/2, (2.23) 

and K is a suitable normalizing parameter indepen- 
dent of 4'34 and 4"56 and not relevant for the present 
purpose. Clearly the 13 magnitudes (2.6) and (2.7) are 
parameters of the distribution. 

In general, (2.13) has two maxima in the domain 

- 7t < 4"34 < re, (2.24) 

-- 7[ < 4"56 ~ 7"/7 , (2.25) 

related to each other by reflection through the origin, 
because (2.13) is unchanged when 4"34 and 4"56 are 
replaced by their negatives. One maximum yields the 
most probable values of the pair of invariants ~0Zm, 
~0pq, [(2.10) and (2.11) respectively], given the 13 magni- 
tudes (2.6) and (2.7) for one enantiomorph, the other 
maximum the most probable values for the other 
enantiomorph. By choosing one or the other maxi- 
mum, one selects the enantiomorph. In the case that 
the maximum occurs at 4 " 3 4 = 4 " 5 6 - - 0  or  re, or at 
4"34=0, 4"56 =rt, or at 4"34= re, 4"56=0, the most prob- 
able values of the pair (40Zm, 40pq) are the same for both 
enantiomorphs and (2.13) is not suitable for enanti- 
omorph discrimination. It should be emphasized that 
when (2.13) is suitable for enantiomorph discrimina- 
tion then, in general, the values (both signs and magni- 
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tudes) of two structure invariants consistent with the 
chosen enantiomorph are available, in contrast to the 
usual case when the value of only one structure in- 
variant is used for enantiomorph selection. 

2.3. The conditional probability distribution of  the struc- 
ture invariant 4O~,, = Oh + 4ok + 4ok + 4O~ + 4om, given the 
value of  the structure invariant 4opq = 4Oh + 4Ok + 4O~ + 4Om 
and the 11 magnitudes [Eh[, [Ek[, [Ell, [Em[, [Ep[, [Eq[; 
IEh+kl, IEk+,[, IE,+hl; IE,-pl, IEm-pl 

Suppose that ¢~56 ( - - ~ 5 6 ~ )  and the 11 non- 
negative numbers, R~, R2, R3, R4, Rs, R6; R12, R23, 
R31; R3~-, R43, are specified and that the ordered 
sextuple (h, k, 1, m, p, q) of reciprocal vectors is the 
primitive random variable (vector) which is assumed 
to be uniformly distributed over the subset of W x W 
x W x  W x  W x W defined by 

4Opq = I~56 ; (2.26) 

IEh[=R1, [Ekl=R2, [Ell=R3, 

Igml=R4, IEpl=Rs, [Eql=R6; (2.27) 

IEh+kl=R12, IEk+II-----R23, [El+hi=R31; 

IEl-pl = R3-~, IEm-pl = R4~; (2.28) 

h + k + l + m = 0 ,  (2.29) 

h + k + p + q = 0 .  (2.30) 

In view of (2.29) and (2.30), 

4O/ra = 4oh "[- 4ok "JI- 4O I "[- 4om (2.31) 

and 

4opq = 4Oh + 4ok + 4op + 4oq (2.32) 

are structure invariants. The structure invariant 4O~,,, 
as a function of the primitive random variables 
h, k, 1, m, is itself a random variable, and its conditional 
probability distribution, given the value of the struc- 
ture invariant (2.26) and the 11 magnitudes (2.27) and 
(2.28), obtained from P2113 [equation (2.13)] by fixing 
q556 and multiplying by a suitable normalizing con- 
stant, is given by 

P1 1 1,11 = P(qb34[~56; R1, R2, R3, R4, Rs, R6; 

R12, R23, R3a; R33, R45) 
1 

- L exp {-2B~234 cos ~b34 

-- 2B3456 cos (434 -- t~56)} 

f2a3R12Xiz '~ {2a3R23Xz3"~ X/o k a3i2 jIo\ ~ - )  
(2o'3R31X31) ( 2 o ' 3 R 3 , / 3 , ~  ×Io\ a3,2 Io\ ~ - j  
(2o3R  x4:'  (2.33) '<So t ) '  

where BI234 , B3456 , X12 , X23 , X31 , X35 , X4- 3- are 

given by (2.14), (2.16), (2.17), (2.18), (2.19), (2.22), (2.23) 
respectively, L is a suitable normalizing parameter 
independent of (/)34, and I~56 , R1, R2, R3, R4, Rs, R6; 
R12, R23, R31; R35, R43 are parameters of the distribu- 
tion. 

It should be noted that in general, i.e. if 4556 ¢ 0 or re, 
(2.33) is not an even function of q>34 and has a unique 
maximum in the whole interval 

-- 71; < (/)34 -~ 7/7 (2.34) 

of length 2re. In other words, once the enantiomorph 
has been fixed by proper choice of the value for 4~56, 
then the most probable value (i.e. both sign and magni- 
tude) for 4~34, given 4~56 and the 11 magnitudes (2.27) 
and (2.28), is given by the position of the unique 
maximum of (2.33). The initial estimate for 4~56, to 
be used in (2.33), in terms of magnitudes IEI alone may 
be found, for example, from the distribution described 
in the following § 2.4. 

If t~56 = 0 or rc then q~pq has the same value for both 
enantiomorphs, (2.33) is an even function of tb34 and, 
unless (2.33) has its maximum at q~34=0 or re, (2.33) 
is bimodal, one maximum corresponding to one 
enantiomorph and the second to the other enantio- 
morph. In this case enantiomorph selection may be 
made by specifying arbitrarily the sign of 4534 in the 
interval ( - re, re) 

2.4. The conditional probability distribution of  the struc- 
ture invariant 4o~m = Oh + 4ok + 4Ol "t- 4om, given the 13 
magnitudes ]Ehl, IEl, I, lEd, IEml, ]Ep[, IEql; ]Eh+l,I, IEk+l], 
[E,+h[; IEh+p[, [Ek+p[, IE,-pl, IEm-p[ 

Suppose that the 13 non-negative numbers R1, R2, 
R3, R4, Rs, R6; R12, R23, R3a; R15, R25, R3~, R43- are 
specified and that the ordered sextuple (h, k, 1, m, p, q) 
is the primitive random variable (vector) which is 
assumed to be uniformly distributed over the subset 
of the sixfold Cartesian product W x  W x  W x  W 
x W x W defined by 

iEh[=R1, [EkI=R2, ]Ei[=R3, 

[Em[ =R4, IEpI=Rs, [EqI=R6; 

[Eh+kl=R12, [Ek+lI=R23, [EI+h[=R31; 

[Eh+pl=R15, [Ek+pl=Rzs, 

[El-p[ = R33, [Em-pl = R4g; 

h + k + l + m = 0 ,  

h + k + p + q = 0 .  

(2.35) 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

In view of (2.38), 

4olin = 4oh "[- 4ok "[- 4Ol "31- 4om (2.40) 

is a structure invariant which is a function of the 
primitive random variables h, k, 1, m. Hence 4otto is 
itself a random variable and its conditional probability 
distribution 

AC 33A-3 
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PlI13=P(4,341R1, R2, R3, R4, Rs, R6; 

R'12, R23, R31; R15, R25, R3-5, R45), (2.41) 

given the 13 magnitudes (2.35)-(2.37), is obtained from 
P21~3 [equation (2.13)] by integrating with respect to 
4,56 from 0 to 2re: 

Pl113 = P21 a3d4,56 • (2.42) 

Although this integration can be carried out exactly, 
the resulting expression is a complicated infinite 
multiple series which does not appear to be suitable 
for numerical calculation. For  this reason it is sug- 
gested that the indicated integration (2.42) be carried 
out numerically in any given case using perhaps four 
or eight equal subdivisions of the interval (0, 2re). 

3. Probability distributions derived from the fourth 
(21-magnitude) neighborhoods 

Now that the pattern of probability distributions cor- 
responding to the first three neighborhoods has been 
established, it is a straightforward matter to write 
down the analogous distributions associated with the 
fourth neighborhoods. These are briefly but explicitly 
described here in strict analogy with those of § 2. 

3.1. Joint probability distribution of the 21 structure 
factors Eh, Ek, Eb Em, Ep, Eq, Er, E~; Eh+k, Ek+l, E l+h; 
Eh+p, Ek+p, El-p, Em-p; Eh+r, Ek+r, El-r, Em-r, Ep-r, 
Eq-r 

Refer to the preceding paper (Hauptman,  1977) for 
the definition of the fourth (21-magnitude) neighbor- 
hoods of the structure invariant 

(Plm = (t0h + qgk -~- (/91 "q- @m- (3.1) 

Suppose that the ordered octuple (h, k, 1, m, p, q, r, s) 
of reciprocal vectors is a random variable (vector) 
which is uniformly distributed over the subset of the 
eightfold Cartesian product W x W x W x W x W x W 
x W x W defined by 

and 

h + k + l + m = 0 ,  (3.2) 

h + k + p + q = 0 ,  (3.3) 

h + k + r + s = 0 .  (3.4) 

Then the 21 normalized structure factors, 

Eh, gk, El, Era, Up, Eq, Er, E,; (3.5) 

Eh+k, Ek+l, El+h; (3.6) 

Eh+p, Ek+p, El-p, Era-p; (3.7) 

Eh+r, Ek+r, El-r, Em-r, Ep-r, Eq-r, (3.8) 

as functions of the primitive random variables, 
h, k, 1, m, p, q, r, s, are themselves random variables. 
Denote by 

P21 =P(R1,  R2, R3, R,,  Rs, R6, RT, R8; 

R12, R23, R31; R15, R25, R35, R45; 

R17, R27, R3% R4-7, R5-7, R6-7; 

4,1, 4,2, 4,3, 4,4, 4,5, 4,6, 4,7, 4,8; 

4,12, 4,23, 4,31; (~)15, 4,25, 4,35, (/)45; 

4,17, 4,27, 4,37, qD4-7, 4,5-7, 4,6-7) (3.9) 

the joint probability distribution of the magnitudes 
IEh[, [Eul,... and the phases q~h, <0k,... of these 21 struc- 
ture factors. Then, following the pattern of the pre- 
vious § 2 and recent results (Hauptman 1975a, 1976), 
one finds 

1 
P21 = ~ RIR2R3R4RsR6RTRsRa2R23R31 

x R 15R25R3-sR45R 17R2"TR3-TR4-TR5-TR6-7 
xexp ( - R 2 - R 2 - R 2 - R 2 - R 2 - R ~ - R 2 7 - R  2 

2 2 _ R  2 _ R  2 2 2 -- R 12 -- R23 - R 2 1  5 5 -R35-R45 
2 2 2 2 2 2 - R1 v - R27 - R 3 7 -  R4-7- R5-7- R6-7) 

f20" 
x exp )~2/2[R1R2R12 cos (4,1 + 

%. 
+R3R4Ra2 cos (4,3 + 4,4+ 4,12) 

+R5R6R12 cos (4,5 -~- 4,6-[- 4,12) 

+RTRsR12 cos (4,7 + 4,8 + 4,12) 

+R2R3R23 cos (4 ,2+4,3-4,23)  

+RIR4R23 cos (4,1 +4,4+4,23) 

+R1R3R31 cos (4,1 +4 ,3 -4 ,31)  

+R2R4R3a cos (4,2+4,4+4,31) 

+R1RsR15 cos (451 + 4,5 - 4,15) 

+R2R6R15 cos (4,2-~- 4,6-~- 4,15) 

+R2RsR25 cos (4,2"-[- 4,5 - 4,25) 

+RIR6R25 cos (4,1 -'[-4,6"1-4,25) 

+ R3RsR35 cos (4,3 - 4,5 - 4)35) 

+ R4R6R35 cos (4,4 - 4,6 -at- 4,3~) 

+ R4RsR45 cos (4,4 - 4,5 - 4'45) 

+ R3R6R45 cos (4'3 - 4'6 + 4,45) 

+R1RTR17 cos (q)l +q~7 - q)17) 

+R2R8R17 cos (4,2+4,8+4,17) 

+R2R7R27 cos (4,2 + 4 ' 7 -  4'27) 

+R1RsR27 cos (4'1 +4,8+4,27) 

+ R3RTR3-7 cos (4,3 -- 4,7 -- 4,3-7) 

+ R4RsR3-7 cos (4,4 - 4,8 + 4,3-7) 

+ R4RTR,-7 cos (4,4 - 4'7 - 4,4-7) 

+ R3R8R¢~ cos (4,3 - 4,8 + 4,4-7) 

+RsR7R5-7 cos (4,5 - 4,7 - 4,5-7) 

4,2--4,12) 
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"1- R6R8R57 COS (t~ 6 -- t~ 8 -'t- t~5-7 ) 

+ R6RvR6-~ COS (t~ 6 -- t~ 7 -- t~6ff ) 

+ RsRsR6- 7 cos (~5 - ~8 + ~6-7)] 

2(3cr3 2 - G2cr4) 
oI 

X [ R 1 R 2 R 3 R  4 cos (~1-~- ~]92 qt- (J~3 -1- (~4) 

+ R1RzRsR6 cos (~1 + ~z + ~5 + ~6) 

+R1R2RTR8 cos (q~l + ~ z +  if)7 +q~8) 

+ R3R,RsR6 cos (q03 + q0, - q05 - ~6) 

+ R3R4RvR8 COS ((~3 + (~4 -- (~7 -- (~)8) 

+ R5R6RTR 8 cos (~5 + t~6 -- t~7 -- t~8)] 

+ O (Nl---~/2)} {1 + O ( N ) } ,  (3.10) 

where O(1/N l/a) consists of all terms of order 1/N 1/2 
or higher in which each term of order 1IN ~/2 contains 
three R's and three 4~'s having double index and each 
term of order 1IN contains two R's and two 4~'s having 
double index; but O(1/N) consists of all terms of order 
1IN or higher in which the terms of order 1IN are 
independent of the ~'s. It follows [refer to Hauptman 
(1975b, 1976), in particular Appendix III of the latter 
reference, for details for the second neighborhood] 
that O(1/N 1/2) and O(1/N) make no contribution of 
order 1/N or lower to the conditional probability 
distributions described in the sequel. 

3.2. The joint conditional probability distribution of the 
three structure invariants qOtm = (Dh "-~ q)k + qgl At- q)m, q~pq = 
~0h+qgk+q~p+(pq, %~=~h+~Ok+q~,+q~s, given the 21 
magnitudes IEhl, IEkl, lEd, lEvi, lEvi, IEql, lEA, IEsl; 
IEh+kl, IEk+ll, IEl+hl; IEh+pl, IEk+pl, IE~-pl, IEm-pl; 
IEh +rl, IEk+~l, IE~-,I, IEm-,I, IEp-rl, IEq-,I 

Suppose that the 21 non-negative numbers R1, R2, 
R3, R4, R5, R6, R7, R8; R12, R23, R31; R15, R25, R35, 
R45; R17, R27, R3% R,-r, R5~-, R6v are specified. As- 
sume that the ordered octuple (h, k, l, m, p, q, r, s) of 
reciprocal vectors is a random variable (vector) which 
is uniformly distributed over the subset of the eightfold 
Cartesian product W x W x W x W x W x W x W x W 
defined by 

IEhI=R1, IEk] =R2, Igll=R3, Igml=R,, 
IEpl=Rs, ]Eql=R6, IE~I=R7, IEsI=Rs; (3.11) 

IEh+ki=R12, IEk+II=R23, IEl+h[=R31 ; (3.12) 

[Eh+p[=R15, [Ek+D]=R25, 
[E~-p[=R35, [gm-p[=R,-~; (3.13) 

[Eh+r[=RxT, [Ek+r[=R27, [E~_,[=RyT, 

IEm-rl = e4v, IEp-rl = Rsv, IEq -rl = R6"7; 

h + k + l + m = 0 ,  

h + k + p + q = 0 ,  

(3.14) 

(3.15) 

(3.16) 

h + k + r + s = 0 .  (3.17) 

In view of (3.15)-(3.17), 

q)lm = (flh "t- (t0 k "t- (-ill "t- (Pm, (3.18) 

~0pq = Oh + Ok + qgl, + q~q, (3.19) 

and 

(Dr= = q)h 2f- (~k "q- q)r "q- (Ds (3.20) 

are structure invariants which, as functions of the 
primitive random variables h, k, !, m, p, q, r, s, are 
themselves random variables. Denote by 

P3121 

= P(~34, ~56, ~78 I R1, R2, R3, R4, Rs, R6, R7, R8; 
RI2, R23, Rat  ; R15, R25, R3~, R45; 

R17, R27, R3v, R4v, R5v, R6v) (3.21) 

the joint conditional probability distribution of the 
three structure invariants <&m, <Pvq, q~,=, given the 21 
magnitudes (3.11)--(3.14). Then P3121 is obtained from 
P21 [equation (3.10)] by fixing the 21 R's, integrating 
P21 with respect to the 13 phase variables ~12, ~23, 
t~31; t~15, (~25, t~3~, t~4~; t~17, t~27, t~3-7, t~4~', t~5"7' (~67 
from 0 to 27z, and multiplying the result by a suitable 
normalizing parameter. [Refer to Hauptman (1975b, 
1976), in particular Appendix III (D.5) and III (D.6) 
of the latter, for complete details for the second 
neighborhood.] One finally obtains, correct up to and 
including terms of order 1/N, 

1 
P3121 ~ -~ exp { - 2 B 1 2 3 4  cos ~ 3 4 - 2 B 1 2 5 6  cos ~56 

-2B1278  cos ~ 7 8 - 2 B 3 4 5 6  cos (1~34-t~56) 

-2B3478  cos (I~34. - t~78 ) 

--2B5678 COS (t~56 -- t~78)} 

( 2 a z R 1 2 X ' l ' 2 ~  (2a3R23X23'~ 
×Io~  0.3/2 / I 0 \  ~2/2 / 

(2a3R3aX3,'~ /2a3R15X1 ) x Io \ a2----~7~ /]lo t" ~-~~,2 - 5 

{2a3R25X25"~ (2a3R3~X3~'~ x/o tk o.~,2 /] Io \ f f l /2 ) 

(20"3R45X4~'~ (2o '3R17XI 7) 
xlo~, a23,2 /]/o tt, a2-----~/2 

(2<..R.X& (2<..R.x& xlo \ a--~--~ /] Io \ a3/2 /] 

X/o k a~/2 ,,]lo t 0.3,2.,] 
(2cr3R67X6v~ xlo~, a312 /], (3.22) 

AC 33A-3" 



562 THE PROBABILISTIC THEORY OF (ph-l-q~k-l"qgi-~-(pm IN P1 

where 

Buvo~ - 3a 2 - 0-20-4. a~ R~R~RpR~ , 

a, is defined by (1.3), 

X 7 2 =  2 2  2 2  2 2  2 2  [RIR2 + R3R4 + RsR6 + RgR8 

+ 2R1R2R3R4 cos crp34. + 2R1R2RsR 6 cos q056 

+2R1R2R7R8 cos qb7s 

+ 2RaR4.RsR 6 COS (~34.-- ~56)  

+ 2RaR4.R7R8 cos (~34-  ~78) 

+2RsR6RgR 8 c o s  ((ib56 --  (2378)] 1/2, (3.24) 

X23 = [R2R3+RIR4._t_2RIR2R3R4.2 2 2 2 COS (J.b34.] 1/2, (3.25) 
2 2 2 2 X31 =[RaR1 +RER4+2RIR2RaR4. c o s  ~)34.] 1/2, (3.26) 
2 2 2 2 X~5 = [R1R5 +RER6 +2R1R2RsR6 cos ~56] 1/2, (3.27) 

X25 = [R2R 5 2  2 "Jr- R1R 6 2  2 + 2R1RERsR 6 c o s  (~56] 1/2, (3.28) 

X3~=[R~R~ + R2R 2 + 2R3R4.RsR6cos(cI)34.-q)56)] 1/2, 

(3.29) 

X4.5 = [R4.R52 2 + R3R62 2 + 2R3R4.RsR6cos(q534 " -  q556)] 1/2 

(3.30) 
2 2 2 2 

X17  = [R1R7 +R2Rs +2R1R2RvRscos~78] 1/2, (3.31) 
2 2 7  = 2 2 2 2 [RER7 + R1R8 + 2RIRER7R8coscI)78] 1/2, (3.32) 

S3_ 7 :  2 2 2 2 [R3R7 + R4.R8 + 2R3R4.RvRscos(@34 . -- ~7s)] 1/2 

(3.33) 
R 2 R  2 2 2 __ , X4.-7=[ 4. 7+RaRs+2R3R4.RvRscos(~34. (]~)78)] 1/2 

(3.34) 

X5g=[R2R  2 + R2R 2 + 2R5R6RgRscos(qb56-q~78)] '/2, 

(3.35) 

X 6 g = [ R 2 R  2 + R2R 2 + 2R5R6R7Rscos(CI)56-@1s)] 1/2, 

(3.36) 
and K is a suitable normalizing parameter independent 
of cb34, ~b56 and cb78 and not needed for the present 
purpose. Clearly the 21 magnitudes (3.11)-(3.14) are 
parameters of the distribution. Remarks like those in 
the last paragraph of § 2.2 are appropriate here too. 

(3.23) 

3.3. The joint conditional probability distribution of the 
pair of structure invariants opt,,, = q)h -Ji- q)k "~- (]91 At- (Pm, 

q)pq = (Ph "~ q)k "1- q)p -F- q)q, given the value of the structure 
invariant q~r~ = qOh + qOk + qOr + (p~ and the 19 magnitudes 
IEhl, IEkl, lEd, IEml, IEpl, IEql, IErl, lEvi; IEh+kl, IEk+ll, 
IEl+hl; ]Eh+pl, IEk+pl, IEl-pl, IEm-pl; ]Ei-rl, IEm-rl, 
IEp-rl, IEq-rl 

Suppose that q~7s ( -n<Cbgs<n)  and the 19 non- 
negative numbers, R1, R2, R3, R4, Rs, R6, R7, Rs; 
R12, R23, R31; R15, R25, R35, R4.~; R3g , R4.% Rsv, R6% 
are specified and that the ordered octuple (h, k, l, m, 

p, q, r, s) of reciprocal vectors is the primitive random 
variable which is assumed to be uniformly distributed 
over the subset of the eightfold Cartesian product 
Wx  W x  W x  Wx Wx W x  W x W defined by 

q)rs = qb78 ; 

IEhI=R1, IEkI=R2, IEII=R3, IEmI=R4, 

IEpl=R5, IEql=R6, IE, I=Rg, IEsl=Rs; 

IEh+k[ =R12, [Ek+d =R2a, IEl+h[ =R31; 

[Eh+pl=Rx5, IEk+pl=Rz5, 

IE~-pl = R3~, IEm-pl = R4~; 

IEl-,] = R3g, IEm-r[ = R4g, 

IEp-rl = Rsg, IEq-rl = R6g 

h + k + l + m = 0 ,  

h + k + p + q = 0 ,  

h + k + r + s = 0 .  

In view of (3.42)-(3.44), 

q)lm = q)h "~- q)k -~- q)l -t- q)m , 

(D pq = (Ph -~ (Dk -I1- (Dp "31- (D q , 

and 

q~,s = Oh + qOk + (p, + (Os 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

(3.47) 

are structure invariants. The structure invariants qhm 
and ~Opq, as functions of the primitive random variables 
h, k, 1, m, p, q, are themselves random variables and 
their joint conditional probability distribution, given 
the value of the structure invariant (3.37) and the 19 
magnitudes (3.38)-(3.41), obtained from Pa [21 [equa- 
tion (3.22)1 by fixing 4~7s and multiplying by a suitable 
normalizing constant, is given by 

P211, 19 = P(q~34, (I)56 ] (~78 ; 

R1,  R2,  R3,  R,, R5, R6, R7, Rs; 

R12,  R23,  R31 ; R15,  R25,  R3 3, R45 ;  

Rag, R4v, Rsv, R6g) 

1 

-~ L-- exp [-2B1234 cos 4534-2Bl/s6COSq556 

-- 2B3456 COS ((~)34 -- (/)56) 

- -  2B347s COS (~34 -- ~78) 

--2B567s COS ((~)56 --  (~)78)] 

f2a3RxzX]'2"~ {'2a3R23_Xza'~ x I o \ a3,2 l# Io \ or3/2 j 

x I0\- 32-~/2(2cr3R31X31 )Io~(2a3RlsX15)~2 e 

(233R2,X25"~ ['2a3R3,X3,'~ 
×So\ of 2 ) lot ,  of 2 ) 
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//2o'3Re~Xe,~ (2o'3R3,TX3~ 
x I ° \  az- ~ j lo t all 2 iI 

(203R4TX4-7~ (20"3 e 5TX 5~..~ × Io \ a2------~-~ / ] Io \  ai,2 /] 
( 2  0"3R6-? "X 6"~ ×Sot, ) (3.48) 

where B1234. B1256 , B3456 , B3478 , B5678 , X'12 ' X23, 
X31, X15, X25, X3~, X4~, X3v, X4-?- , X5ff , X6- ~ are 
given by (3.23)-(3.30) and (3.33)-(3.36), L is a suitable 
normalizing parameter independent of ~b34 and ~bs6, 
and ~78, R1, R2, R3, Re, Rs, R6, RT, Rs, R12, R23, 
R31, Rls, R25, R3g, R4-ff, R3% Re~-, R5v, R6-7 are par- 
ameters of the distribution. 

3.4. The conditional probability distribution of  the struc- 
ture invariant cp~ = qgh + qgk + qh + Cpm, given the values 
of  the structure invariants qgpq = qgh + qgk + q~p + q~q, ¢p~ = 
(Dh'~-(~k-~-(~0r'q-(Ds and the 15 magnitudes IEh], IEkl, lEvi. 
IEml, IGI, IEql, IErl, IEsl; IEh+kl, IEk+d, IE,+hl; IE,-p, 
IEm-~l, IEI-A, IEm-A 
Suppose that (/)56 (-g<~b56-~7/;), (/)78 ( -g<(P78  ~g)  

and the 15 non-negative numbers, R1, R2, R3, Re, Rs, 
R6, R7, R8; R12, R23, R31; R35, R45, R37, Rev, are 
specified and that the ordered octuple (h, k, 1, m, p, 
q, r, s) of reciprocal vectors is the primitive random 
variable which is assumed to be uniformly distributed 
over the subset of the eightfold Cartesian product 
W x  W x  W x  W x  W x  W x  Wx W defined by 

(iOpq : (/)56 , 

4o,= = q~7s ; 

IEhl = R 1, IEkl = R~, IE, I = R3, IEml = Re, 
IGI=R~, IEqI=R6, IErl--RT, IGI=R8, 

IEh+kl=R12, [Ek+ll=R23, [El+hi=R31 ; 

IEl-pl =R35, IEm-pl =R45; 

IE,-,I = R3-% [Em-,I = Rev, 

h + k + l + m = 0 ,  

h + k + p + q = 0 ,  

h + k + r + s = 0 .  

(3.49) 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

(3.56) 

(3.57) 

In view of (3.55)-(3.57), 

C&m = q~h + CPk + qh + q~m, 

(~ pq = (Ph -31- ~Ok -[- q~p .dr- q)q , 

and 

(Prs = (tOh "11- (#k "[- (Dr "31- q)s 

(3.58) 

(3.59) 

(3.60) 

are structure invariants. The structure invariant q)lm, 
as a function of the primitive random variables 
h, k, I, m, is itself a random variable and its conditional 

probability distribution, given the values of the two 
structure invariants (3.49) and (3.50) and the 15 magni- 
tudes (3.51)-(3.54), is obtained from P3121 [equation 
(3.22)] by fixing (/)56 and q'78 and multiplying by a 
suitable normalizing constant: 

P112, 15 =P(~341~56, (/)78; 
R1, Re, R3, R4, Rs, R6, R7, Rs; 

R12, R23, R31; R35, R45; R3% Rav) 
1 

-~ ~ exp { -2B1234 cos ~34 

- 2B3456 cos (~34-  ~56) 

-2B3478 cos (c/)34 -- (P7S)} 

(2o'3R 12Xi'2"~ (2o3R23X23" ~ 
xlo t ai/2 J I ° \ a T i z - J  

(2G3R3 IX3 l'~ (2o'3R3~X3~ xlot, )lot, ) 
(20"3 R4~g4~X~ (20"3 R 3~-X 3~ ~ x ot, )lot, ) 
f 2a3R4vX4v'~ ×Io \- a2----~7~ /] (3.61) 

where B1234 , B3456 , B3478 , Xl'2, X23 , X31 , X33- , X4~- ' 
X3v, X4v are given by (3.23)-(3.26), (3.29), (3.30), 
(3.33), (3.34), M is a suitable normalizing parameter 
independent of @34, and @56, q'Ts, R1, R2, R3, Re, 
R5, R6, R7, Rs; R12, R23, R31; R35, R45, R3-% R4-7 are 
parameters of the distribution. 

3.5. The joint conditional probability distribution of  the 
pair o f  structure invariants ~ot,~ = qgh + ~Pk + ~O~ + ~Pm, 
~0pq=~0h+~0k+~0p+~Oq, given the 21 magnitudes IEnl, 
Igkl, lEd, ]gml, IEpl, Igql, Igrl, IGI; Igh+kl, Igk+,l, Ig,+hl; 
IEh+pl, IEk+pl, IE,-pl, IEm-pl; IEh+rl, IEk+,l, IE,-rl, 
IEm-rl, IE.-.I, IE.-A 

Suppose that the 21 non-negative numbers R1, R2, 
R3, R4, R5, R6, RT, R8; R12, R23, R31; R1 s, R25, R33, 
R43; R17, R27, R3v, R4v, Rsv, R6v are specified and 
that the ordered octuple (h, k, 1, m, p, q, r, s) is the 
primitive random variable (vector) which is assumed 
to be uniformly distributed over the subset of the 
eightfold Cartesian product W x W x W x W x W x W 
x W x W defined by 

IEhl = R 1, IEkl = R2, lEd = R3, IEml = R4, 

IEpI=Rs, IEqI=R6, lEd=R7, lEvi=R8; 

IEh+kl=R12, IEk+II=R23, [El+hi=R31; 

]Eh+pl=R15, IEk+pl=R25, 

IE~-pl =R35, IEm-pl=R4~; 

]Eh+ri=R17, ]Ek+rl=R27, ]EI-rI=R3v, 

[Em-rl = ReV, IEp-rl = Rsv, IEq-,I = R6-7; 

(3.62) 

(3.63) 

(3.64) 

(3.65) 
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h + k + l + m = 0 ,  (3.66) 

h + k + p + q = 0 ,  (3.67) 

h + k + r + s = 0 .  (3.68) 

In view of (3.66) and (3.67), 

(Dlra = (Dh "~- (Dk -~- (~1 "~- (Pro (3.69) 

and 

(Ppq = (Ph "71- (~k "~- (Pp + (~q (3.70) 

are structure invariants which are functions of the 
primitive random variables h, k, 1, m, p, q. Hence (PZm 
and ~opq are themselves random variables and their 
joint conditional probability distribution 

P2121--P(~34, ~561R1, R2, R3, R4, Rs, R6, RT, Rs; 

R12, R23, R31; R15, R25, R3~, R4-S-; 

R17 , R27 , R3- % R4~- , R5~7, R6-7) , (3.71) 

given the 21 magnitudes (3.62)-(3.65), is obtained from 
P3121 [equation (3.22)] by integrating with respect to 
~vs from 0 to 2n: 

P2121 = P3121 d~Ts • (3.72) 

Although this integration can be carried out exactly, 
the resulting expression appears not to be useful in 
the applications. For this reason it is suggested that 
this integration be done numerically using perhaps 
four or eight equal subdivisions of the interval (0, 2~) 
in analogy with (2.42). 

3.6. The conditional probability distribution of  the 
structure invariant qhm = Oh + q~k + q)l + q)m, given the 21 
magnitudes IEhl, IEkl, lEd, Igml, IEpl, Igql, Igrl, IEsl; 
IEh+kl, IEk+d, [El+hi; IEh+pl, IEk+pl, IE~-pl, IEm-pl; 
IEh+rl, IEk ÷rl, IE~-~l, IEm-rl, IEp-rl, IEq-rl 

Under the same assumptions as in § 3.5, the structure 
invariant q~t,, is a random variable whose conditional 

probability distribution, P1121, given the 21 magni- 
tudes (3.62)-(3.65), is obtained from Pa 121 by means of 

P1121 • P3121d@56d@T8. (3.73) 

Again, the indicated double integral is best evaluated 
numerically subdividing the square 0_< @56 _< 27z, 
0<~Ts<2rc  into perhaps 16 or 64 sub-squares, for 
example. 

4. Concluding remarks 
Probability distributions of the structure invariant 
~o~,, = Oh + Ok + ~0~ + ~0m corresponding to the third and 
fourth neighborhoods have been described. Now that 
the pattern of these distributions has been established, 
it is a straightforward matter to derive the distribu- 
tions associated with the fifth (31-magnitude) and 
higher neighborhoods. In accordance with the prin- 
ciple of nested neighborhoods, it is anticipated that 
the distributions belonging to the higher neighbor- 
hoods will yield better estimates for the invariants and 
will therefore permit the determination of very_com- 
plex crystal structures. Initial applications in P1 con- 
firm this prediction (Gilmore, 1976). 
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